The Noether symmetry approach is useful tool to restrict the arbitrariness in a gravity theory when the equations of motion are underdetermined due to the high number of functions to be determined in the ansatz. We consider two scalar-coupled theories of gravity, one motivated by induced gravity, the other more standard; in Bianchi I, Bianchi III and Kantowski-Sachs cosmological models. For these models, we present a full set of Noether gauge symmetries, which are more general than those obtained by the strict Noether symmetry approach in our recent work. Some exact solutions are derived using the first integrals corresponding to the obtained Noether gauge symmetries.
and some of its consequences are worked out in [12] [13] [14] . We will also work with this theory in the present study.
All cosmological models but the simplest Friedmann-Lemaitre-Robertson-Walker (FLRW) model contain more arbitrary functions than can be determined using the field equations for the matter and the geometry. Alternative theories of gravity may bring further unspecified functions as parts of the Lagrangian, increasing the arbitrariness. One suitable way to restrict this arbitrariness is to use Noether symmetries which are directly related to the presence of conserved quantities, as selection rules. They can enable us to choose the scalar field's self-interaction potential in a dynamical way, and might be able to reduce the number of dynamical variables of the system of differential equations due to possible cyclic variables.
A Lagrangian density L admits a strict Noether symmetry if there exists a vector field X, for which the Lie derivative of the Lagrangian vanishes, i.e. £ X L = 0. This approach in the context of spacetimes like FLRW and Bianchi type universe models has already been used with great success in the frameworks of f (R), f (T ) and specific models of scalar-tensor gravity theories, allowing the identification of dynamical conserved quantities and the derivation of new exact solutions [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In particular, for the Kantowski-Sachs (KS) spacetime, the strict Noether and dynamical symmetries have been discussed by Sanyal [14] , and generalized by Camci and Kucukakca [23] to include Bianchi I (BI) and Bianchi III (BIII) spacetimes.
The strict Noether symmetry approach can be generalized to include a gauge term, giving the Noether gauge symmetry (NGS) approach, a more suitable method to seek for physically motivated solutions of field equations; for some applications, see [25] [26] [27] [28] [29] [30] [31] In the present paper, we apply the NGS to BI, BIII and KS spacetimes, generalizing our earlier work [23] . The paper is organized as follows. In the next section, we present the Lagrangian, rederive for completeness, both the equations of motion in scalar-coupled theory of gravity, and their specialized forms for BI, BIII and KS spacetimes. In section III, we discuss the NGS approach to the Lagrangian for these spacetimes, and give solutions of the NGS equations for the Φ 2 R theory motivated from induced gravity, and the often-used (1 − ζΦ 2 )R theory. In section IV, we search for exact solutions of the field equations using the obtained NGS. Finally, in section V, we conclude with a brief summary and discussion of the obtained results.
II. THE EQUATIONS OF MOTION
The general form of the Lagrangian density for the action A = Ldt involving gravity nonminimally coupled with a real scalar field Φ is given by [16] 
where R is the Ricci scalar, F (Φ) is the generic function describing the coupling, U (Φ) is the potential for the scalar field, Φ a = Φ ,a stand for the components of the gradient of Φ and the signature of metric is given by the parameter ǫ = +1 and −1 for signatures (+−−−) and (−+++), respectively. We use Planck units. For F (Φ) = −1/2, it reduces to the Einstein-Hilbert action minimally coupled with a scalar field. For F (Φ) = Φ 2 /6, the conformally coupled theory can be
represents the theory motivated from induced gravity, and for F (Φ) = 1 − ζΦ 2 , L is of the form of the more standard non-minimally coupled scalar field theory.
The variation of the action A with respect to g ab provides the field equations
where ✷ is the d'Alembert operator,
is the Einstein tensor, and
is the energy-momentum tensor of the scalar field. The variation with respect to Φ gives rise to the Klein-Gordon equation governing the dynamics of the scalar field
where the prime indicates the derivative with respect to Φ. The Bianchi identity G ab ;b = 0, which gives the conservation laws for the scalar field, also yields the Klein-Gordon equation (5) as a general result [18] .
As discussed in the Introduction, we will treat the BI, BIII and KS spacetimes. The line element for these spacetimes can be written in the common form
where A and B depend on t only, and Σ(q, θ) = θ, sinh θ, sin θ for q = 0, −1, +1, respectively. The expression (6) represents BI for q = 0, BIII for q = −1 and KS for q = 1.
The Ricci scalar computed from the line element is
where the dot represents the derivation with respect to time. Then, the Lagrangian of BI, BIII and KS spacetimes becomes
The field equations (2) and Klein-Gordon equation (5) for the metric (6) becomė
where F ′ = 0. Note that the equations (10)-(12) can also be obtained as the Euler-Lagrange equations using the Lagrangian (8), whereas eq.(9), the (0,0)-Einstein equation, can be obtained as the requirement for the energy function E L associated with the Lagrangian (8)
to vanish.
IfÄ andB can be eliminated form the Eqs. (10)-(12) the continuity equation can be found as
The unknown quantities of the field equations are A, B, Φ, U (Φ) and F (Φ), but we have only four independent differential equations, namely, Eqs. (9)- (12) . Then, in order to solve this system of nonlinear differential equations we need to assume a functional form of the scalar field potential energy U (Φ) or the function F (Φ).
III. NOETHER GAUGE SYMMETRIES
For the KS metrics of the signature (+2), the forms of coupling of the scalar field and the potential has been found by Sanyal [14] under the assumption that the Lagrangian admits strict Noether symmetry. This work was generalized to BI and BIII by Camci & Kucukakca [23] . Now we seek the condition for the Lagrangian (8) to admit NGS.
Let us consider a NGS generator
where the configuration space of the Lagrangian is Q i = (A, B, Φ) with tangent space T Q = (A, B, Φ,Ȧ,Ḃ,Φ), X i = (α, β, γ), i = 1, 2, 3; and the components ξ, α, β and γ are functions of t, A, B and Φ. The existence of a NGS implies the existence of a vector field X as given in (15), if
where X [1] is the first prolongation of the NGS generator (15) in the form
f (t, A, B, Φ) is a gauge function, D t is the total derivative operator with respect to t
It is important to give the following first integral to emphasize the significance of NGS: If X is the NGS generator corresponding to the Lagrangian
is the Noether first integral, i.e. the Hamiltonian or a conserved quantity associated with the generator X. Here, E L is the energy function defined for any Lagrangian, E L =Q i ∂L ∂Q i − L. Obviously, the gauge function f is arbitrary up to an additive constant, and this arbitrariness will be used to simplify expressions in the rest of the paper, whenever possible. Also, the trivial Noether gauge symmetry ∂ t is related to the conservation of energy, and gives rise to the Hamiltonian (E L = 0) of the dynamical system. From the Lagrangian (8) the NGS condition (16) yields the following set of over-determined system of equations
4ǫ
Then, selecting the function F , the above NGS equations will give the solutions for ξ, α, β, γ, f and the potential U (Φ).
For BI, BIII and KS spacetimes the Hessian determinant W = Σ
There exists two cases depending on the Hessian determinant W vanishes or not:
If the Lagrangian (8) is degenerate, then the Hessian determinant W vanishes, and therefore the function F is given by
In this case, the first two of the three main terms of eq. (14) vanish, enabling us to directly determine
whenever (14) applies.
Case (ii):
If the Lagrangian (8) is non-degenerate, then the Hessian determinant W does not vanish. For the form of F , we will consider (ii.a) F = F 0 Φ 2 /12, where F 0 = ǫ, the form motivated by induced gravity; or (ii.b) F (Φ) = 1 − ζΦ 2 , which is a more standard form of non-minimally coupled scalar field theory, where ζ is a constant.
We now present solutions of the NGS equations in the KS, BI and BIII spacetimes for the coupling functions F (Φ) listed above. The NGS equations also allow determination of U (Φ) via eq. (30), but we will classify the solutions according to the U (Φ) functions from the beginning, in addition to the classification according to the F (Φ) functions outlined just above. We will show the results in tables, elaborating on only some of them in the text.
A. Bianchi I Spacetime
We show some of the NGSs in Tables I and II . In order to keep the tables compact, we explicitly present the simplest case (i.1) in the text, and then express some results of some other cases in terms of the explicitly presented ones. We also explicitly display some cases, (i.3), (ii.a.1) and (ii.a.4), that are too long to fit in the tables.
Case (i.1): U (Φ) = 0. For this case, the eight NGSs are given by
with the non-vanishing Lie brackets
Using (19), we find the first integrals for those of eight NGSs:
Case (i.3): U (Φ) = λΦ m , where m( = 2) is a constant. In this case, it follows from the continuity equation (14) that m = 4. Then the NGS components are obtained by
where g(t) is an arbitrary function of t. This result is interesting because of that there exists an infinite family of NGSs due to the functional dependence of NGS components. Thus the four NGSs of this case are X 3 1 = X 2 given above and Potential Function 
The non-zero Lie brackets due to the NGS generators X 3 3 and X 3 4 are
The first integrals for the NGSs of this case are given by
Case (ii.a.1): U (Φ) = 0. For this case, the components of NGS generators, and the gauge function are found as
where k 1 = 8ǫF 0 − 9, k 2 = ǫF 0 − 1, k 3 = ǫF 0 and k 4 = 2ǫF 0 − 3. It is easily seen that k 2 and k 3 are non-zero in this case, but k 1 or k 4 could be. Hence, we need to consider subcases where they are both nonzero, vs. where one or the other vanishes. The latter singular ones cannot be obtained as special cases of the above solutions, they have to be trated from scratch.
Subcase ii.a.1.1.
In this subcase, the number of NGSs is six which are
The non-vanishing Lie brackets due to X a1 5 and X a1 6 are
where c = (3ǫ − 4F 0 )/F 0 . The first integrals of the generators X a1 5 and X a1 6 are
where ℓ = k 4 /k 3 .
Subcase ii.a.1.2. F 0 = 9ǫ/8, i.e. k 1 = 0. There are seven NGSs for this subcase, which are
and
where we have a nonzero gauge function for Y 5 as f = AB 2 Φ 2 . The non-zero Lie brackets for this subcase are
The first integrals related to Y 5 , Y 5 and Y 7 are
Subcase ii.a.1.3. F 0 = 3ǫ/2, i.e. k 4 = 0. There are six NGSs for this subcase:
with a nonzero gauge function f = 
The first integrals of Y 5 and Y 6 are
Case (ii.a.4): U (Φ) = λΦ 2 . For this case, we find the following NGS components and gauge function:
where a = 2λk 1 /k 2 k 3 , k 1 = 8ǫF 0 − 9, k 2 = ǫF 0 − 1, k 3 = ǫF 0 and k 4 = 2ǫF 0 − 3. Here we observe that k 2 is different from zero because F 0 = ǫ, and it is clear that k 3 = 0. Therefore, again we need to consider subcases analogous to the Case (ii.a.1).
Subcase ii.a.4.1. k 1 = 0, k 4 = 0. The NGSs are obtained as X a4
where f = −2λABΦ 2 sin (at) and f = −2λABΦ 2 cos (at) for X a4 5 and X a4 6 , respectively. The non-zero Lie brackets for this case are
where b = (3ǫ − 4F 0 )/F 0 . Then, the first integrals read
Subcase ii.a.4.2. F 0 = 9ǫ/8, i.e. k 1 = 0. The six NGSs are found as
where the corresponding non-zero Lie brackets for this subcase are
The first integrals of the six NGSs are given by
Subcase ii.a.4.3. k 4 = 0, i.e. F 0 = 3ǫ/2. There are six NGSs which are
with the non-zero Lie brackets
The first integrals are
B. Bianchi III and Kantowski-Sachs Spacetimes
The BIII (q = −1) and KS (q = 1) spacetimes, not being as simple as the BI spacetime, allows fewer symmetries. We obtain their NGSs for the same cases, except case (i.3), as for the BI spacetime, showing the results explicitly in Tables III and IV .
Case (i.3): U (Φ) = λΦ m , where m( = 2) is a constant. We can find solutions only for m = 4, which gives the following NGS components:
where we have defined µ 1 , . . . , µ 9 as
for α,
for β, and
for γ. 
Then, the four NGSs have the form
The first integrals of the NGS generators X 3 1 , X 3 2 , X 3 3 and X 3 4 are obtained as
where the coefficients ν 1 , . . . , ν 5 are defined as
IV. EXACT SOLUTIONS
In order to find new exact solutions of the field equations in the cases of the above section, the algebra of the NGS generators has to be closed, and the first integrals need to be utilized. Now, we proceed in this manner.
For case (i), in the view of relation (32) , the field equations (9)- (12) of BI (q = 0), BIII (q = −1)
and KS (q = 1) spacetimes reduce tȯ
We consider only case (i) here, because unfortunately in case (ii) it has proven difficult, if sometimes impossible, to find any solutions of the field equations satisfying NGSs.
A. Bianchi I Spacetime
For this spacetime, we find from the above field equations that λ vanishes in cases (i.2), (i.4),
(ii.a); and the scalar field Φ is constant in case (ii.b.1). Therefore, we drop these cases and only consider cases (i.1) and (i.3).
Case (i.1): To get a closed algebra of the NGS generators X 6 , X 7 and X 8 in this case of vanishing potential, the commutator relations (35) of Lie brackets require that
where k and ℓ are non-zero constants. Note that we have not explicitly obtained the scalar field Φ, but the metric functions A and B are stated in terms of the field.
The non-zero Lie brackets of X 6 , X 7 and X 8 become
which give indeed a closed algebra. Then, using the fact that E L = 0 because of (9), eqs. (36)- (42) yield that all the first integrals I 1 , . . . , I 8 vanish. Eq. (105) gives alsȯ
Putting these relations in the field equations (9)- (12) we find that the field equations are identically satisfied.
Case (i.3):
Recall that for this case the potential is U (Φ) = λΦ 4 , and the coupling function F (Φ) is given by (32) . For simplicity of writing, we will rename the constants of motion found in (46) as I 3 1 ≡ J 1 , I 3 2 ≡ J 2 , I 3 3 ≡ J 3 and I 3 4 ≡ J 4 . The last one vanishes by (101) and for the others we getȦ
which are actually the constraints that have to be satisfied by the field equations (101)- (104) with q = 0. Substitution of (108) into the field equations (103) and (104) gives
Then, subtracting Eq. (110) from Eq. (111)), one gets
which yields the constraint equation
where J 2 = 0. Here we need to correct a mistake in our previous study [23] , where we have used c 0 instead of the constant of motion J 2 ; and they are related by c 0 = −3J 2 . Also, it can be seen that the Eq. (42) of that reference is erroneously calculated, the correct one is Eq.(111). Thus, the Eqs. (43) and (47) of Ref. [23] do not apply and the solution (49) does not exist.
Using the Eqs. (107) and (108) in (109) we find another constraint relation
Considering (107)- (109) in the field equations (101) and (102) gives the third constraint relation
The remaining field equations (103) and (104) are identically satisfied using the obtained relations 
where a is a constant of integration. Again, we have given the metric functions in terms of the scalar field.
B. Bianchi III and Kantowski-Sachs Spacetimes
We only show treatments of the cases (i.1) and (i.3) in this section.
Case (i.1):
Using the form F = ǫΦ 2 /12 of the coupling function, and the vanishing of the potential U (Φ), the first integrals of this subcase givė
where I 3 and I 7 are constants of motion. Substituting the above relations into the field equations (9)- (12) for BIII (q = −1) and KS (q = 1) spacetimes, we find the following constraint equation
In order to find solution of the Eqs. (118) and (119), we use the transformation of time coordinate by dt = AB 2 Φ 2 dτ , and find
where A 0 and B 0 are integration constants. Putting these into the constraint equation (120) yields
with B 0 = 0.
Case (i.3):
In this case, we use the first integral (93) which giveṡ
where we have renamed I 3 1 ≡ J 1 , as in the case (i.3) of subsection IV A. Similar to the discussion there, using (123) in the field equations (103) and (104) gives
Subtracting these equations one gets
which can be brought into the form
where J 1 = 0. Then, we consider the remaining first integrals (94) and (95) to obtain
where J 2 and J 3 stand for I 3 2 and I 3 3 , respectively, as above. Recall that ν i (i = 1, . . . , 5) are functions of the combination (BΦ), given in (97)-(100).
Using the time transformation dt = (B/AΦ)dτ in (123) and (127), we find
where c 0 = −3J 1 (see Eq.(46) of ref. [23] ), a and b are constants of integration. Note that both combinations (AΦ) and (BΦ) are now functions of τ .
Under this time transformation, the Eqs. (128) and (129) become
where the prime ( ′ ) denotes differentiation with respect to τ . Eliminating the term A ′ /A from these equations, it follows that
where f 1 (τ ), f 2 (τ ) and f 3 (τ ) are given by
The equation (134) is a linear ordinary differential equation of first order and it has a solution of the form
where µ(τ ) = exp dτ f 2 (τ )/f 1 (τ ) . We have not been able to solve the above integrals yet.
V. CONCLUDING REMARKS
In the present work, we have used the Noether gauge symmetry approach to search the Noether symmetries of Lagrangian (8) Tables I or III for the potential U (Φ), we used the first integrals obtained through the NGSs to solve the field equations for BI, BIII and KS spacetimes. In some cases, the NGSs and the first integrals are explicitly elaborated in the paper, for other cases, the NGS vector fields and corresponding first integrals are collected in Tables II and IV . The maximum number of NGS generators is found to vary from two to eight in the cases considered. Here we also correct a mistake in our previous study [23] , namely we find that NGSs for BI, BIII and KS spacetimes do exist, contrary to the claim of that work.
In both of the cases (i) and (ii), it is possible to find particular exact solutions for the system of field equations (9)- (12) , obtaining the explicit behaviour of the scale factors A(t) and B(t). In cosmology, where observations show that the universe is both spatially homogeneous and isotropic to a high degree, these models are of physical interest because of their spatial homogeneity.
With regard to the remaining anisotropies in the Cosmic Microwave Background (CMB) radiation, the Bianchi type spacetimes can serve as models more realistic than FLRW. Therefore the interest in these models has increased in the context of the analysis and interpretation of the WMAP data [32] . Even though the observed universe seems to be almost isotropic on large scales, the early uni-verse could be anisotropic [33] . Quantum gravitational aspects may be observed in the anisotropy spectrum of CMB, and future observations may be able to detect the contribution of inflation generated in the early universe [34] . Thus the models of inflationary cosmology could be Bianchi models. It is also interesting to note that although the inflationary scenarios originally proposed using minimally coupled scalar fields, some later models have widely used non-minimally coupled scalar fields Φ in relation with specific inflationary scenarios [35, 36] ; and in the present study, the new exact solutions of BI, BIII and KS spacetimes have just such an interesting property, namely, the scale factors include a non-minimally coupled scalar field Φ.
